THREE AMALGAMS WITH REMARKABLE NORMAL
SUBGROUP STRUCTURES

DIEGO RATTAGGI

ABSTRACT. We construct three groups A1, A2, A3, which can all be decom-
posed as amalgamated products Fy* g, F'9 and have very few normal subgroups
of finite or infinite index. Concretely, Aj is a simple group, A is not simple
but has no non-trivial normal subgroup of infinite index, and A3 is not simple
but has no proper subgroup of finite index.

1. INTRODUCTION

Motivated by expected analogies between cocompact lattices in products of auto-
morphism groups of regular trees and cocompact lattices in higher rank semisimple
Lie groups, Burger and Mozes discovered in their study of groups acting on prod-
ucts of trees the first examples of finitely presented torsion-free simple groups [5, 7].
These groups are moreover amalgamated products of finitely generated non-abelian
free groups, thus answering Neumann’s question [10] on the existence of simple
amalgams of free groups. One crucial step in the construction of Burger-Mozes is a
deep theorem, which states that certain cocompact lattices in the product of auto-
morphism groups of locally finite trees Aut(71) x Aut(7T:) cannot have non-trivial
normal subgroups of infinite index. Applying this theorem to a cocompact lattice
which contains as a subgroup a non-residually finite group constructed by Wise in
[14], we give an example of a finitely presented torsion-free simple group A; of the
form Fy #p,, Fo, where F) denotes the free group of rank k. See [12] for a list of 32
other finitely presented torsion-free simple groups emerging from the same method.
Note that the simple groups of Burger-Mozes are also explicitly given in principle,
but not very manageable in practice, because of their extremely long finite presen-
tations. In addition to the simple group A;, we construct two other groups As and
A3, also having amalgam decompositions Fy*p,, Fy. They are not simple, but Ay is
virtually simple and A3 has no non-trivial finite quotients. An amalgam F3 xp,, F3
without proper subgroups of finite index has already been constructed by Bhat-
tacharjee in [3], using different techniques. Our search for groups with the desired
properties was made possible by several computer programs written in GAP [8].
See [11, Appendix B] for the program code used to construct the examples. We
refer to [6], [7], [11] and [14] for detailed background on automorphism groups of
trees, lattices in products of trees, and square complexes.
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2. DEFINITION OF THE GROUPS I'; AND A;

Let always ¢ € {1,2,3}. Our groups A; will be normal subgroups of index 4 of

groups I'; defined by their finite presentations
F’i = <a15 az,as, a4, 0as, b17 b27 b37 b47 b5 | T1yee ey T25>7

where the relators rq, ..., r5 (depending on 7) are given in Table 1. Capital letters
in this table indicate inverses, for example r1 = a1b1 A2 By = alblaglbgl.

Iy, e, I's Iy I I's
r1 | a1b1AsBy || r13 | a1bsaaBs | a1byAsbs | a1bsarbs
ro | a1boA1By || r1a | a1bsAsbs | a1bs5a2B5 | a1Bsa2Bs
r3 | a1b3As B3 || r15 | a1BsaszBy | a1Bsa3By | a1 B4 A4B,
r4 | a1B3Asby || r16 | @1 Biasbs | a1Biasby | azbiasbs
rs | a1 B1Asbs || r17 | asbyAobs | azbsAsby | axB4A3z By
76 | abaAsBy || 118 | asbsasBs | axBiasBs | azbsasBy
r7 | agb1AyBy || r19 | asbsasbs | azbsashy | a3BsAsBs
rg | agbaA3By || m20 | a3Bsasby | azbs Asbs | azBiasbs
ro | azbsA4B3 || ro1 | a4B5AsBy | asbsasbs | ayBsasBs
r10 | a3B3Agby || T22 | asb1Asbs | asbiAsbz | asbiasby
r11 | a3B1Agbs || ro3 | asbaAsBs | asbaAsB1 | asbaAsbs
r12 | @4baAsBy || roa | asb3AsBy | asbsAs By | asb3Asby
ro5 | asbgAs By | asbyAsBy | asBias By

TABLE 1. The 25 relators of I'y, I'y, I's

Observe that the twelve relators rq,...,r12 are the same for each group T;.
The reason for this will become clear in the proof of Theorem 1 in Section 3.
To describe the geometric nature of I';, we recall the following general construction
which associates to a finite presentation of a group G its standard 2-compler X with
fundamental group G: by definition, the one-skeleton of X has a single vertex x and
an oriented loop for each generator of the given presentation of G. Furthermore,
for each relator r, a 2-cell with boundary labelled by r is glued into this one-
skeleton to get X. Then G = 71(X,z). By construction of the 25 relators of T';,
its associated standard 2-complex X; is a finite square complex (all relators have
length four, hence all 2-cells are squares) having the additional property that its
universal cover X; is the affine building 719 x 719, the product of two 10-regular
trees. Equivalently, this property requires that to each pair (a,b) € A x B, there
is a uniquely determined pair (EL,B) € A x B such that ab = ba in I';, where
A= {a1,...,a5} and B := {by,...,bs}*!. This can be easily verified for our
three given examples. In the terminology of [7], X, is a finite 1-vertex VH-T-
square complex, and in the terminology of [11, 12], T'; = m1(X;) is a (10, 10)—group.
The group of automorphisms Aut(7;¢), equipped with the usual topology of simple
convergence, is a locally compact group. Taking the product topology, I'; can be
seen as a discrete subgroup of Aut(779) x Aut(77p) with compact quotient, in other
words as a cocompact lattice. A crucial role in deducing interesting results on
the normal subgroup structure of I'; play the so-called local groups of I';. The
idea to define them is the following: take the projection of I'; to one factor of
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Aut(T19) x Aut(T10) (say the projection pr, to the first factor) and fix any vertex
xp of T1p. Then the elements in the closure pry(T;) < Aut(7y) stabilizing xp,
induce a finite permutation group P,El)(l"i) < S10 on the 10 neighbouring vertices

of xp in 719 (or more generally, for k£ € N, subgroups P,gk)(l"i) of the symmetric
group Sig.gx-1, taking the induced action on the k-sphere in 779 around ). The
same procedure can be done with the second projection pry to get local groups

Pék) (T;) < Sig.gx—1. It is important to note that these local groups (more precisely,
their generators in Syg.9x-1) can be directly computed, given the relators rq,...,r25
of Table 1, see [7, Chapter 1] or [11, Section 1.4] for details. Here, we get for k =1
the groups
V() = ((7,8)(9,10), (1,2)(3,4), (1,2)(3,4)(7,8)(9, 10),
(1,8,4,5)(2,7,3,10),(1,9,4,8)(3,10,6,7)) = Aip,

PV (T'2) = ((7,8)(9,10), (1,2)(3,4), (1,2)(3,4)(7,8)(9, 10),
(1,8,4,9)(2,10,7,3),(1,9,8,6,4)(2,7,5,3,10)) = Aio,

PV (I's) = ((5,6)(7,8)(9,10), (1,2)(3,4), (1,2)(3,4)(7,8)(9,10),
(1,4,8,9,2,3,7,10)(5,6), (1,9, 2,10)(3,5,7)(4,6,8)),

PY(Dy) = ((1,2)(4,6,7,5)(8,10,9), (1,2,3)(4,5,7,6)(9, 10), (1,2) (4,5, 7,6)(8, 10,9),
(15 2, 3)(45 6,7, 5)(97 10)5 (17 3,10, 8)(25 4,6,9,7, 5)> = AlOa

PM(Dy) = ((1,2)(4,6)(8,10,9), (1,2,3)(5,7)(9,10), (1,2)(4, 6,5, 7)(8, 10,9),
(1,2,3)(4,6,5,7)(9,10), (1,2,4,3,10,9,7,8)(5,6)) = Aj,

PIO(T3) = ((1,2)(4,7,5,6)(8,10,9), (1,2, 3)(4,7,5,6)(9,10), (1, 2)(4,5,6,7)(8, 10,9),
(1,2,3)(4,5,6,7)(9,10), (1,7)(2,8)(3,9)(4,10)(5,6)) = Sio.

The transitivity of the permutation groups given above will be important in the
proof of Theorem 1. Recall that a group G < Sjyg is transitive if for any pair
m,n € {1,...,10} there exists a g € G such that g(m) = n. Moreover, G is called
2-transitive if for any mq,ma,n1,n2 € {1,...,10} with my # mso and ny # ng there
is an element g € G such that g(m1) = ny and g(msa) = na. Note that the group
P,El)(l“g) is a transitive (but not 2-transitive) subgroup of Sig of order 3840, whereas
the alternating group Ajp and the symmetric group Sig are obviously 2-transitive.
We define now A; to be the kernel of the surjective homomorphism

Ty —Z/27 x 7./27
ay,...,as — (1+ 27,0+ 27Z)
bi,...,b5 — (0+2Z,1 4+ 27),
where I'; is given by its finite presentation described above. Each group A; can be

decomposed in two ways as amalgamated products Fy *p,, Fy, such that Fg; has
index 10 in both factors Fy. More precisely, this means that for any i € {1,2,3}

~

there exist injective homomorphisms ji,j3 : Fs1 — Fyg = (s1,...,89) and Jo,ja :
Fgl — Fg = <t1, . ,t9> such that

[Fo @ j1(Fs1)] = [Fo : ja(Fs1)] = [Fo @ j3(Fz1)] = [Fo @ ja(Fs1)] = 10
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and
A = (51,000,580, t1, -t | Ji(ur) = ja(ur), ..., ji(us1) = j2(us1))
(51,0580, t1,- -t | Ja(u1) = ja(ur), ..., ja(us1) = ja(us1)),
where {u1,...,us1} are the free generators of Fg;. This is a direct consequence

of a result of Wise (see [14, Theorem I1.1.18]), describing each of the two decom-
positions of certain square complex groups I' as a fundamental group of a finite
graph of finitely generated free groups (in the language of the Bass-Serre theory).
If the local groups of I are “sufficiently transitive” (which always happens in our
examples), the two finite graphs corresponding to A; in Wise’s construction each
consist of two vertices and a single geometric edge joining them. Therefore we get
amalgams of finitely generated free groups. It is well-known that amalgams of free
groups are always torsion-free, since every element of finite order in an amalgam is
conjugate to an element of finite order in one of the two factors (see for example
[9, Theorem IV.2.7]). Note that following Wise’s proof of [14, Theorem 1.1.18], it
is not difficult (but quite laborious by hand) to give explicit descriptions of the
injective homomorphisms Fg; — Fy in the amalgam decompositions of A;.

Alternatively, the decompositions A; = Fy xp,, Fg are consequences of the Bass-
Serre theory. For example, using the local groups, one first checks that the quotient
of the action of A; on the first tree 779 (via the projection pr;) is an edge. Then
the identification (see [7, Chapter 1])

F5 = (by,...,bs) ={y € Li:pri(7)(@n) = za}
shows that the vertex stabilizers of this action are
Fo = (biby , biby ', bibyt bibs !, bibs, biba, bibs, biba, b3)
={yeAi:pri(7)(zn) =z}

3. RESULTS AND PROOFS

In the following theorem, we discuss the normal subgroups of A;.

Theorem 1. Let Ay, As, A3 be the groups defined in Section 2. Then

(1) Ay is simple.

(2) Every non-trivial normal subgroup of A2 has finite index, but Ay is not
simple.

(3) As has no proper subgroups of finite index, but is not simple.

Proof. Let W be the group with finite presentation
(a1,a2,a3,0a4,b1,b2,b3 [ T1,...,712),

where the relators 71, ...,712 are again taken from Table 1. Wise showed in [14,
Main Theorem 5.5, that the non-trivial element w := asa; *aza; ' € W is contained
in each finite index subgroup of W. In particular, W is non-residually finite. More-
over, W < Aut(7g) x Aut(7g) is the fundamental group of a 1-vertex VH-T square
complex which embeds into the square complex X; associated to I'; (i = 1,2,3),
inducing an injection on the level of fundamental groups, i.e. W < T'; = m1(X;)
(the fact that we get an injection can be deduced from the non-positive curvature
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of the product of trees 719 x 719, see [4, Proposition 11.4.14(1)]). Hence we have
l#we () N< [ N= () N<aT,

£ £i. £i.
NaW NIy N<T;

where “f.i.” stands for “finite index”. In particular, I'; (and hence its finite index
subgroup A;) is non-residually finite. Observe that w € A; < T';. One important
point in the construction of I'; is to guarantee that the normal closure of w in T';,
denoted by {(w)r,, has finite index in A;. (Note that however [W : (w)w] = c0.)
This already implies that (w)r, has no proper subgroups of finite index. Indeed,
assume that M < ((w)r, is a subgroup of finite index. Then

f.i. f.i. f.i.
(1 N<M< (w)r, <A <Ti.
Nf'<i‘Fi

Using

we get

M=), = () N.

Nf'<i'1y-
We proceed now separately for the three groups A;, Ao and Aj.

(1) We have {w))r, = A;. This can be checked by hand, or more easily, using
a computer algebra system like GAP [8], which shows that adding the
relator w to the presentation of I'y gives the group Z/2Z x Z/27Z of order
4. Tt remains to prove that A; has no non-trivial normal subgroups of
infinite index. But this follows directly from the normal subgroup theorem
of Burger-Mozes [7, Theorem 4.1, Corollary 5.4] applied to the “irreducible”
cocompact lattice I'y < Aut(7q9) x Aut(Z7p) with local groups P,gl)(l"l) =
Pu(l)(l"l) = Aj9, and applied to its finite index subgroup A; < I'y.

(2) For the second group, we compute [Ag : {w)r,] = 2, thus Ay is not simple.
By exactly the same argument as in part (1), every non-trivial normal
subgroup of 'y (and of Ag, respectively) has finite index. Observe that
{w)r, is a simple group with amalgam decomposition Fi7 #p,, Fi7. In
particular, I'y and Ay are virtually simple groups.

(3) Asin part (1), {(w)r, = As proves that Az has no proper subgroup of finite
index. However, in contrast to what happens in part (1) and (2), the local
group P}gl)(l—‘g) is transitive, but not 2-transitive. Therefore, the normal
subgroup theorem of Burger-Mozes cannot be applied here. Indeed, Aj is
not simple, since 1 # {(a2))a, # As. This comes from the fact that ai acts
trivially on the second factor of 719 x 719. In other words, ai € ker(pry)<il's.
To see this, let

A= {(a1a2_1)2’ (a2_1a1)25 (a3a21)2a (a21a3)2’ aé}il

and check that for all ' € A’ and b € B = {by,...,bs}*!, we have b=1a’b €
A’. This in fact implies that A’ C ker(pry). Note that no element of I's
acts trivially on the first factor of 719 x 71 (by [6, Proposition 3.1.2, 1)]
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and [6, Proposition 3.3.2]). As a consequence, A3 has two decompositions
Fo+p,, Fy, where one amalgam is effective and the other one is not effective.

O

We conclude by giving two remarks:

Remark 2. Recall that a group G is called SQ-universal if every countable group
can be embedded in a quotient of G. It is mentioned in [1, Chapter 9.15] that
Ilya Rips can prove any amalgamated product A ¢ B to be SQ-universal, provided
that B # C and the number of double cosets |C\ A/C| is at least 3 (if C is seen as
usual as a subgroup of A and B via the two injections j; : C' — A and js : C — B
in the amalgam), but there is no published proof as far as we know. If Rips’
statement is true, we could apply it to exactly one decomposition Fy g, Fg of A3
(to the effective one), where |Fg1\Fy/Fgi1| = 3. Note however that in the second

decomposition of A (where the corresponding local group Plgl)(l"3) is S1p) and in
both decompositions of A; and Ag, we always have |Fg1\Fy/Fgi| = 2, since their
local actions on 7qg are 2-transitive.

Remark 3. By construction, the three groups A;, As, Az are non-residually finite.
As a contrast, if one takes a double Fy *p,, Fy (i.e. an amalgam where the two
injections ji,j2 : Fg1 — Fy are identical), such that Fg; has finite index in both
factors Fy (consequently index 10 = (81 — 1)/(9 — 1)), then one directly gets a
surjective homomorphism Fy*p,, Fg — Fy (the obvious folding map), and moreover
Fy #p,, Fy contains by [2, Theorem 1.4] a subgroup of finite index which is a direct
product of two non-abelian free groups of finite rank. In particular, such a double
Fy gy, Foy is SQ-universal and residually finite. The residual finiteness also follows
from [13].
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